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1. INTRODUCTION 
In a study of parametric excitation of planar transverse responses of 
axially driven strings and rods, Haight and King [S] observed that for cer- 
tain values of the parameters the excited planar motion in turn parametri- 
cally excites a mode which is not in the original plane. The authors also 
point out that the coupling between the original planar response and the 
nonplanar motion is due to nonlinearities. After deriving the equations of 
motion for the case of axially excited rod, the authors discuss the range of 
frequencies of the periodic forcing for which the nonplanar response occurs 
and the stability of such a motion. 
Such nonplanar responses in the context of strings were studied by 
Murthy and Ramakrishna [7]. They show that a string excited in a direc- 
tion perpendicular to the axis may, under certain conditions, cause vibra- 
tions which are not only in the plane of the driving force. This study has 
since been extended by several other authors. 
This paper follows the study initiated in [6], where the whirling motions 
of nonlinear elastic beams were studied. In this paper the authors study the 
motion of a simply supported beam with two perpendicular axes of sym- 
metry where the forcing is periodic and planar. The authors approximate 
the nonlinear hyperbolic equations by a system of coupled ordinary dif- 
ferential equations. These equations are then’ studied for nonplanar 
response and stability. 
In [Z] we considered the rotating beam equations of helicopter rotor- 
craft dynamics. The harmonically forced hyperbolic equations were 
approximated by a finite element approach using Chebyshev polynomials. 
A fourth order Runge-Kutta integration scheme was then utilized to study 
the long-time behavior of the solution of the associated evolution equation. 
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While the study was restricted to the case of a single beam, one needs to 
study the above-mentioned nonplanar response in the context of rotating 
beams. In this paper, however, we study first the case of the simply sup- 
ported beam as in [6], so that the continuity with the results in [6] may 
be seen. We also present some eigenvalue considerations which will arise in 
the context of rotating beams. In a subsequent paper the questions of 
stability and related numerical considerations will be presented. Our 
approach in this paper follows the lines of [l], where the general problem 
of existence of periodic solutions of nonlinear hyperbolic problems is 
studied. 
2. SIMPLY SUPPORTED BEAM AND NONPLANAR MOTION 
Following [6] the equations of motion describing the nonplanar 
response of a beam are given by 
together with the boundary conditions 
u(0, t) = u(71, t) = u,,(O, t) = 0 = uxx(7r, t) = 0 
u(0, t) = o(?c, t) = u,,(O, t) = u,x,(7c, t) = 0 
u(x, t) = U(X, t + 2X), u(x, t) = Y(X, t + 2n). 
(2.2) 
Let Z= [0, x] x [0,27r] and let D denote the set of all real valued func- 
tions cp(x, t), 27~ periodic in t, of class C” and such that Dzkcp(O, t)= 
D;kcp(z, t) = 0, k = 0, 1, 2, . . . . Let X denote the completion of I) under the 
norm 
iluli~=jj-~ I: u; + u;,] 2 dt dx. 
Then X is a real Hilbert space with inner product 
where ( , ) denotes the inner product in L,(Z) = Y and )I.11 the corre- 
sponding norm. 
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Let E denote the operator defined by EM = u,, + u,,,. For gE X we 
say that u is a weak solution of the problem Eu = g with the simply sup- 
ported boundary conditjons if UEX and (u, &I)~= (g, q), for all rp E D. 
A complete orthonormal system in Y= L,(Z) is the collection 
2”2n-1 sin kt sin lx, 2112n-’ cos kt sin lx, 71-l sin Ix, (2.3) 
where I= 1, 2, . . . and k=O, t-1, +2 ,.... A complete orthonormal system in 
X is 
{e:[} = (n-‘(k2+14)-I’* sin kt sin Ix, n-‘(k’+ 14)-lf2 cos kt sin lx, 
7c-‘lm2 sin lx) 
and u E X has a Fourier series & +!e$’ with C,,, a$< co as well as 
C,,[ a:,(k’ + 14) c co. Finally for any u E X we can show that u E C, U, EL,, 
q<6 and ut, ~.~,~~5~ and I141m, lI~,IILq~ l141L2~ II~xxllL2~~Il~I/x~ where Y 
is a constant independent of U. 
Let X0 denote the subspace of X generated by the elements of X with 
k2 = E4. Then X0 is the kernel of E and X can be written as X,+X,. We 
can then consider the finite dimensional subspaces X0, and Xln, where X0,, 
is generated by ekl with k2 = 14, 1 = 1, . . . . n and X,, is generated by ek, with 
k2#14, l=l,..., n and k = 0, ) 1, . . . . + n. Let R,, S, be the projection 
operators defined by R,: X, -+ XI, and S,: X0 + X,,. Finally let P, be the 
projection of X onto the subspace generated by X,, and X0,. 
Then, corresponding to the system of equations (Zl), we have the 
associated truncated equations 
with the corresponding boundary conditions. 
Taking inner products of the first equation with u,~ and the second with 
u,, and adding we get 
= v, PY f&t) +(P,q, u,t). 
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Thus 
= (P,P, %I,) + tp,q, %,I. 
Integration by parts and periodicity of u, z1 with respect o t yield that 
/I u,,II and I/u,,II are bounded independent of n. 
We now take L, inner products of (2.4) and (2.5) with respect o u and 
v, respectively, and add to obtain that 
= (P,P> 4 -t (P,q, &J. 
Once again integrating by parts and using the boundary conditions we 
obtain that 
I/ tl,/j, I/u,// are bounded inde~ndent of n. 
Proceeding similarly and taking inner products of (2.4) and (2.5) with 
- urzxx and - vnXx, respectively, we get that 
Ilu,,,ll, ll~,Jj are bounded independent of n. 
Thus we have proved that all possible solutions of (2.4) and (2.5) are 
bounded independent of n. 
We now show that the system (2.4), (2.5) has a solution for each n. 
Noting that P, = R, + S,, where R, : X -+ X1, and S, : X0 --f X0,, and 
writing u,=u~~+u~~, uin~ R,, uon~ S,, we can use the results in [I] to 
show that the existence of at least one solution for each n is equivalent to 
verifying that 
- v?A P> %“)X-- vns”lA hd,~O 
for sufficiently large lIuonll, lluDnll (independent of n). 
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Here J, : X0, -+ X0,, is an isomorphism. We define J,, by ( Jnu)xx = a for 
each a E X0,. Then (J,a, !J)~ = 2(a, b,,). That the above inequality is true 
for large IIu,,,J~ (independent of n) follows. 
We have thus proved the existence of solutions to (2.4) and (2.5) for 
each n and there exists a bound on these solutions independent of n. 
A passage to the limit argument establishes the existence of at least one 
solution to system (2.1 t(2.2). 
In the case when the damping terms u,, u, are not present in (2.1 k(2.2) 
one could still have established the existence of a solution when there is a 
small parameter in front of the nonlinearities and the right hand side. 
3. CASE OF THE ROTATING BEAM 
With y denoting the nondimensional radial distance, rc/ the azimuthal 
angle, and z the nondimensional out-of-place displacement, he equation of 
motion in nondimensional form is 
(3.1) 
where EZ is a sectional stiffness property, M the mass, and R the span of 
the beam. The right hand side represents the aerodynamic loading and is 
a function of $, r, z,, and zti. 
The boundary conditions for rotor blade dynamics are 
i.e., at r = 0 the blade is pinned and moment free; 
z,,($, 1) = 0, z,,,(+, 1) = 0, 
i.e., the tip r = 1 is a free end. 
The aerodynamic loading is periodic (say of periodic 27r) and we are 
looking for 2n-periodic solutions, i.e., 
z(+ + 271, r) = z($, r). 
Before we discuss the existence of periodic solutions to the rotor blade 
equations we observe the following remarks concerning the variational for- 
mulation of this problem. Thus we look at strain energy minimization with 
the inertial term z$~ and the aerodynamic term f being regarded as loads. 
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The strain energy 
where g = ztiti -f is minimized at each $. Then the only essential boundary 
condition is 
and the other boundary conditions are natural and this need not be utilized 
in the trial functions z. Further the trial functions should have finite strain 
energy, i.e., 
One can now use the principle of virtual work and derive the spectral and 
finite element discretizations. 
We can now look at the nonlinear rotor blade equations in the form 
utt + ~xxx.kT -$l2[(1 -X2)U,],=f(f,X, U, . ..) 
with boundary conditions 
u(0, t) = 24,,(0, t) = 0 
41, t) = ~,,,(l, t) = 0 
24(x, t + T) = u(x, t), 
where f is T-periodic in t. 
If one were to proceed as in Section 2 to study this problem, then the 
associated eigenvalue problem 
with 
U’4’-&z2[(1-X2)v’]‘-~U=0 (3.3) 
v(0) = u”(0) = u”( 1) = U”‘( 1) = 0 
is of obvious interest. In fact in structural design the vibration frequencies 
of elastic structures are of fundamental importance. 
Clearly knowledge of the eigenvalue of the linear differential operator L 
defined by 
Lv=d4)- fu'[( l-x2)u’]’ (3.4) 
is also critical in understanding the invertibility properties of the differential 
operator in the left hand side of (3.2). 
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The domain 6SL of the operator in (3.3) is C4[0, l] with the boundary 
conditions. Associated with L then is the quadratic form 
(Lu, u) = j; (Lu) u dx 




and the domain of J is C2[0, l] together with the essential boundary 
condition u(0) = 0 (cf. the variational formulation above). 
The potential energy of the rotating beam is 2J(u) and the eigenvalues of 
L (together with the corresponding eigenfunctions) may then be studied by 
looking at the Rayleigh-Ritz procedure applied to J. 
It is easy to see that the first eigenvalue is A, = u2 and the corresponding 
eigenfunction is of the form cx, c a constant. With regard to the higher 
eigenvalues of L, one needs to find bounds as these cannot be found exactly 
in general. 
Let L be the linear operator defined by 
Lu = u(4), 
and let the associated boundary conditions be 
u(0) = u”(0) = u”( 1) = u”‘( 1) = 0. 
The corresponding quadratic form 7((u) is then given by 
&= ’ (u”)* dx, 
f 0 
(3.6) 
and the domain of 7 consists of functions u(x) in C2 satisfying u(0) = 0. 
The eigenvalues and corresponding eigenfunctions of (3.5) are given as 
Xz=az, n = 1, 2, . ..) 
where a, is the nth positive root of the transcendental equation 
tana-tanha=O. 
The corresponding n th eigenfunction is 
sinh a, sin a,x + sin a,, sinh a,x. 
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It is now easily seen that 
J(u) G J(u), 
and one can show that the n th eigenvalue of L is a lower bound for the nth 
eigenvalue of L. But this lower bound can be refined to yield better lower 
bounds by proceeding as follows. 
Let A4 be the linear operator defined by 
with the domain of M being functions in C’ satisfying 
u(0) = 0. 
The adjoint operator M* is then given by 
A!f*u= -5 (1 -x2)“2u’-(1 &*u 
;[ 1 t 
(3.7) 
(3.8) 
and the associated condition to be satisfied by the functions in the domain 
of M* is 
lim [(i -x*)“*u(x)] =O, 
x+1 
By using k linearly independent functions from the domain of M* we can 
construct quadratic forms Jk which satisfy 
and the associated eigenvalues arising from J,(u) may be shown to be 
improved lower bounds for the eigenvalues of L (in fact it can be shown 
that the eigenvalues of Jk(u) are increasing in k). 
One can also utilize the quadratic form 7 differently to obtain lower 
bounds for the eigenvalues of L as follows. Let us first write 
where J(u)=sA(l- *) x u12 dx with its domain being functions in C* 
satisfying ~(0) = 0. The eigenvalue problem associated with 3 is given by 
-$2[(l -x2)24’]‘-/iu=o, 
and the eigenvalue problem can be solved explicitly (in terms of Legendre 
polynomials). Using a finite number of these eigenvalues and eigenfunc- 
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tions we can then construct quadratic forms whose related eigenvalues 
serve as lower bounds for the eigenvalues of L (which are better lower 
bounds than those obtained from 1 and 1 
By using standard Rayleigh-Ritz arguments one can construct upper 
bounds to the eigenvalues of L as follows. Choose trial functions b,, which 
are from the domain of J and orthonormal. Then by constructing the 
matrix A = (au) given by 
.Z(d;, dj) being the bilinear form associated with .Z, we have the eigenvalue 
problem 
det(A -AZ) = 0 
whose eigenvalues erve as upper bounds for the eigenvalues of L. 
We conclude these discussions with a final remark. Associated with the 
eigenvalue problem for linear operator L given by 
U’4)-$2*[(1 -x2)24’]‘-Au=0 
there are three problems associated with three sets of boundary conditions: 
(0 u(0) = u’(0) = #“( 1) = #“‘( 1) = 0, 
which is the case of clamped end at x = 0; 
(ii) u(0) = u’(0) - vu”(O) = .“( 1) = .“‘( 1) = 0, 
which is the case of elastically restrained end at x = 0; 
(iii) u(0) = u”(0) = uU( 1) = U”‘( 1) = 0, 
which is the case of simply supported at x = 0. 
The ordering of the eigenvalues of these three eigenvalue problems 
defined by Lu - Au = 0 together with each of the boundary conditions can 
be utilized in obtaining various upper and lower bounds. 
4. ASYMPTOTIC BEHAVIOR 
As remarked earlier, the only essential boundary conditions required in 
the variational principle 
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for (3.1) is that the test and trial functions vanish at r =O. Hence we can 
use the Chebyshev polynomials 
T,(r)=rcos((k- l)arccos(2r- 1)) 
of degree k (1~ k < n) and for any fixed integer n expand the approximate 
solution zn( ., .) by 
Substituting this into (4.1) and noting that this relation must be true for 
we arrive at a system of ordinary differential equations 
Mii + Ka =f($, a, i), 
where 
aW = (adll/), adrl/), . . . . a,(W 
and A4 and K are the mass and stiffness matrices [4]. 
If, however, we had used finite elements the resulting system is as 
follows: let K given by 
r. = 0 < rI < . I - < rm = 1 
be a partition of [O, 11. Further let qi,o and qj,i be the cubic Hermite 
fun~ions associated with the jth node. Then 
where the displacements z~,~($) =z,(Y~, e) and the strains Zj,l(ll/) = 
&J& (I;, $) are the unknowns. 
We then obtain from (4.1) a. system of n = 2m + 1 ordinary differential 
equations, where the vector a(+) of unknowns is 
If one studies (2.1) in the above fashion, the resulting system of ordinary 
differential equations is similar and thus the asymptotic behavior of 
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problems (2.1) or (3.1) reduces to stability properties of systems of type 
(4.2). Numerical results indicate that when the right hand side of (3.1) is 
zero, Runge-Kutta procedures result in convergence. 
For single equations of type (2.1), Dickey [3 ] has established the 
asymptotic behavior. If one uses these to study systems of type (4.2) can we 
show that there is convergence for problems of type (3.1). More generally, 
in the case of systems of the type 
Mii+Ki+Lu=O, 
where 
(a) M is self-adjoint and positive definite, 
(b) L is self-adjoint and has distinct eigenvalues, and 
(c) KM-‘L= LM-‘K, 
we can show that by appropriate transfo~ations the system can be 
uncoupled. Then a Routh-Wurwitz type of theorem can be obtained which 
is applicable to the above classes of beam problems in the linear case. 
Analogous results for the nonlinear case will be discussed elsewhere. 
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